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Abstract
Based on integral identities of hypergeometric functions and MZV theory, various problems
in topic of quadratic logsine integrals, binomial sums and Fourier-Legendre related integrals
are solved, leading to remarkable hypergeometric closed-forms. Using results above, more
hypergeometric-MZV relations are established. Other problems related to the author’s previous
work, including crucial generalizations on binomial MZVs, are also discussed.
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1 Preliminaries
Most of the closed-form evaluations of (4-admissible) integrals/MZVs in this article depend on
the algorithm of [1], so we may omit mechanical details and focus on reducing problems to
4-admissible forms instead. For irreducible constants, we write level 2 and 4 (colored) MZVs
as MZ, QMZ respectively (see also [1] for definition). Also we refer readers to [4] for notation of
special functions used, as well as expanlation of all abbriviations (e.g. quadratic polylog integrals
→ ‘QPLIs’) and these terms’ definitions. Keep this in mind, we have:
Fact. All LI/PLI/ES/NS/GES/NLI/NPLI/LSI/PLSIs with W ≤ 8 are evaluable via level 2 MZVs.
All QLI/QPLI/QES/QNS/NQLI/NQPLI/QLSI/QPLSIs with W ≤ 5 are evaluable via level 4
MZVs. Here W denotes the weight.
Although QNS/QPLSIs are not explicitly mentioned in [4], their definition should be clear. For
instance, QNS consists of all sums of form
∑
R
(±1)n1 · · · (±1)nk
f1(n1)s1 · · · fk(nk)sk
Where R is a restriction on indexes e.g. n1 > · · · > nk > 0 (QMZVs), n1 = maxj nj (QESs), etc,
f1(n), · · · , fk(n) ∈ {2n, 2n− 1} and the weight W =
∑
j sj . Evidently QNSs and level 4 MZVs can
be converted to each other.
2 General formulas
Proposition 1. The following hold:
(1) r+2Fr+1
(
{n+ 1
2
}r+1,−p
2
; {n+ 3
2
}r+1; a
)
=
(−1)r(n+ 1)r+1
r!
∫ 1
0
tn
(
1− at2) p2 logr(t) dt
(2) r+3Fr+2
(
1
2
,
1
2
, {n+ 2}r+1; 3
2
, {n+ 3}r+1; a
)
=
(−1)r(n+ 2)r+1
ar!
∫ 1
0
tn sin−1(at) logr(t) dt
2
(3) r+3Fr+2
(
1, 1, {n+ 2
2
}r+1; 3
2
, {n+ 4
2
}r+1; a2
)
=
(−1)r(n+ 2)r+1
ar!
∫ 1
0
tn
sin−1(at)√
1− a2t2 log
r(t) dt
(4) r+4Fr+3
(
1, 1, 1, {n+ 3
2
}r+1; 3
2
, 2, {n+ 5
2
}r+1; a2
)
=
(−1)r(n+ 3)r+1
a2r!
∫ 1
0
tn sin−1(at)2 logr(t) dt
(5) r+3Fr+2
(
1
2
, 1, {n+ 2
2
}r+1; 3
2
, {n+ 4
2
}r+1; 1
)
=
(−1)r(n+ 2)r+1
2r!
∫ 1
0
tn log
(
1 + t
1− t
)
logr(t) dt
(6) r+3Fr+2
(
1
2
, 1, {n+ 3
4
}r+1; 3
2
, {n+ 7
4
}r+1; 1
)
=
(−1)r(n+ 3)r+1
2r!
∫ 1
0
tn log
(
1 + t2
1− t2
)
logr(t) dt
(7) r+3Fr+2
(
1
2
,
1
2
, {n+ 1}r+1; 1, {n+ 2}r+1; 1
)
=
2(−1)r(n+ 1)r+1
pir!
∫ 1
0
tnK(t) logr(t) dt
(8) r+3Fr+2
(
{1}r+1, 3
2
,
3
2
; {2}r+2; 1
)
=
8(−1)r−1
pi(r − 1)!
∫ 1
0
1
t
(
K(t)− pi
2
)
logr−1(t) dt
(9) r+1Fr
(
{1}r+1; 3
2
, {2}r−1; 1
)
=
2r+1(−1)r
r!
r∑
j=0
(
r
j
)
(− log(2))r−j
∫ pi
2
0
x logj(2 sin(x)) dx
(10) r+1Fr
(
{1}r+1; 3
2
, {2}r−1;−1
8
)
=
2(−1)r−1
(r − 3)!
∫ 1
0
(y + 2) log2(y + 1) logr−3
(
2y2
y+1
)
y(y + 1)
dy
Proof: (1)-(8): All are trivial corollaries of elementary hypergeometric closed-forms and that
p+r+1Fq+r+1(a1, · · · , ap, {n+ 1}r+1; b1, · · · , bq, {n+ 2}r+1; c)
=
(−1)r(n+ 1)r+1
r!
∫ 1
0
tn logr(t)pFq(a1, · · · , ap; b1, · · · , bq; t)dt
(9)-(10): Trivial generalizations of [4], subsection 8.4.9, formula (9)(10). 
3
3 QLSI hypergeometric
By setting a = 12 in Prop. 1(1), substitution t→
√
2 sin(u), u→ tan−1(v), the hypergeometric sum
is transformed into QLI then level 4 MZVs. Below is an example:
LS1:
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
= −1
4
=(QMZ(4, {4, 1}, {1, 0}))
−=
(
Li5
(
1
2
+
i
2
))
− 1
8
β(4) log(2) +
1
16
piζ(3) log(2) +
2093pi5
368640
+
1
512
pi log4(2) +
23pi3 log2(2)
3072
A similar consideration of Prop. 1(3) yields
LS2: 6F5
(
1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2;
1
2
)
= 4pi=
(
Li4
(
1
2
+
i
2
))
−piβ(4)− 5Li5
(
1
2
)
2
+
pi2ζ(3)
4
− 403ζ(5)
64
+
log5(2)
48
+
1
144
pi2 log3(2) +
19
576
pi4 log(2)
4 Binomial hypergeometric
Denote A = {log(2), ζ(k)(k ≥ 2)}, B = {all level-2 MZVs}, C = {all level-4 MZVs} and the algebra
generated by A,B,C over Q as A,B, C respectively. We consider following 8 classes of binomial-
hypergeometric series (m ∈ {±1,±2}, k ∈ N):
S1(m, k) :=
∞∑
n=1
((
2n
n
)
4n
)m
1
nk
, S2(m, k) :=
∞∑
n=0
((
2n
n
)
4n
)m
1
(2n+ 1)k
4.1 BES, IBES, QBES
Proposition 2. For all k ensuring convergence, we have S1(1, k), S2(1, k) ∈ A, S1(−1, k) ∈ B,
S2(−1, k), piS1(2, k), piS2(2, k) ∈ C.
Proof: S1(1, k), S2(1, k) ∈ A: Simply use Prop. 1(1) and calculate Beta derivatives. According to
[1], Lemma 2.4, all Beta derivatives’ value at half-integers belong to A.
S1(−1, k) ∈ B: By Prop. 1(9), one have S1(−1, k) reduced to LSIs. By generalizing method of
contour integration in [4], subsection 5.1.1, one reduce these LSIs to LIs, then level 2 MZVs.
4
S2(−1, k) ∈ C: By Prop. 1(3), let a = 1, n = −1, substitute t → sin(u), u → 2 tan−1(v) to
transform S2(−1, k) into QLIs, then level 4 MZVs.
piS1(2, k) ∈ C: Using formula for FL expansion of f(x)x in proof of [4], subsection 8.3.4, Prop 15,
one may prove the following:
K(x)− pi2
x
=
∞∑
n=0
(−1)n(2n+ 1)
(
4
n∑
m=1
1
m
(
pi
4
−
m−1∑
k=0
(−1)k
2k + 1
)
− 4C + 2pi log(2)
)
Pn(2x− 1)
Due to [3], Theorem 3, all coefficients cn,r of FL expansion of
logr−1(x)
x (hence log
r(x), by integra-
tion) are nested quadratic harmonic sums. Let logr(x) =
∑∞
n=0 cn,rPn(2x−1), consider Prop. 1(8),
applying Parseval to logr(x),
K(x)−pi2
x transforms the original sum into
∞∑
n=0
(−1)ncn,r
(
4
n∑
m=1
1
m
(
pi
4
−
m−1∑
k=0
(−1)k
2k + 1
)
− 4C + 2pi log(2)
)
which is a QNS reducible to level 4 MZVs.
piS2(2, k) ∈ C: Let n = − 12 in Prop. 1(7), apply Parseval to K(x), log
r−1(x)√
x
with help of [3],
Theorem 3. The resulting sum, again, should be transformed into a QNS, then level 4 MZVs. 
3 weight 6 examples of S1(1, k), S2(1, k), S1(−1, k) are given in [4], subsection 8.4.9, formula
(7)(8)(9). Moreover, we have another 3 nontrivial weight 5 sums of class S2(−1, k), S1(2, k), S2(2, k):
QB1: 6F5
(
1
2
,
1
2
,
1
2
,
1
2
, 1, 1;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
; 1
)
= 2=(QMZ(4, {4, 1}, {1, 0}))− 2=(QMZ(4, {4, 1}, {1, 2}))
+16=
(
Li5
(
1
2
+
i
2
))
− 35pi
5
1536
− 1
96
pi log4(2)− 1
64
pi3 log2(2)
QB2: pi 7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
= −2560=(QMZ(4, {4, 1}, {1, 0}))+9728
3
=(QMZ(4, {4, 1}, {1, 2}))
−16384=
(
Li5
(
1
2
+
i
2
))
+
1024
3
β(4) log(2)− 64piζ(3) log(2) + 25pi5 − 32pi log4(2) + 48pi3 log2(2)
QB3: pi 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
; 1,
3
2
,
3
2
,
3
2
,
3
2
; 1
)
= −40=(QMZ(4, {4, 1}, {1, 0}))+152
3
=(QMZ(4, {4, 1}, {1, 2}))
−256=
(
Li5
(
1
2
+
i
2
))
+
16
3
β(4) log(2) +
25pi5
64
+
1
6
pi log4(2) +
3
4
pi3 log2(2)
5
4.2 IQBES
Proposition 3. For at least k ≤ 5, we have S1(−2, k), S2(−2, k) ∈ C.
Proof. All series with k ≤ 4 are solved in [4] already, so we only prove:
QB4: X = 6F5
(
1, 1, 1, 1, 1, 1;
3
2
,
3
2
, 2, 2, 2; 1
)
= 128pi=
(
Li4
(
1
2
+
i
2
))
−96piβ(4)− 64Li5
(
1
2
)
+
217ζ(5)
4
+
8 log5(2)
15
− 2
9
pi2 log3(2) +
41
45
pi4 log(2)
QB5: Y = 6F5
(
1
2
,
1
2
,
1
2
, 1, 1, 1;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
; 1
)
= −16pi=
(
Li4
(
1
2
+
i
2
))
+12piβ(4) + 16Li5
(
1
2
)
− 341ζ(5)
32
− 2
15
log5(2) +
5
36
pi2 log3(2)− 37
360
pi4 log(2)
Indeed, by Euler integral and partial integration twice, one have
X =
∫ 1
0
1
2x
√
1− xx 5F4
(
1, 1, 1, 1, 1;
3
2
, 2, 2, 2;x
)
dx
=
∫ 1
0
(
log
(
1−√1− x)− log (√1− x+ 1))
2x
x 4F3
(
1, 1, 1, 1;
3
2
, 2, 2;x
)
dx
=
∫ 1
0
sin−1 (
√
x)
2
4x
(
2Li2
(
1
2
(
1−√1− x))− 2Li2(1
2
(√
1− x+ 1))+ log2 (1−√1− x)
− log2 (√1− x+ 1)− 2 log(2) log (1−√1− x)+ 2 log(2) log (√1− x+ 1)) dx
Now, let x→ sin2(t), t→ 2 tan−1(u), X is reduced to a 4-admissible PLI, hence level 4 MZVs.
Solution of Y is a bit more complicated. Using Euler integral again one have
Y =
∫ 1
0
x5F4
(
1
2 ,
1
2 ,
1
2 , 1, 1;
3
2 ,
3
2 ,
3
2 ,
3
2 ;x
2
)
√
1− x2 dx
Set n → −1, r → 2, a → x in Prop. 1(3), use it to substitute 5F4, transforming Y into a double
integral. Let t→ t, x→ zt then apply Fubini for
∫ 1
0
dt
∫ t
0
dz · · · , one obtain
Y =
1
2
∫ 1
0
∫ 1
z
log2(t) sin−1(z)
t2
√
1− z2
√
1− z2t2
dtdz
6
Integrate w.r.t t by brute force yields
f(z) =
1
z
(
1
2
pi log2(z) +
1
24
pi
(
pi2 + 3 log2(4)
)
+
1
2
pi log(4) log(z)
)
− 2 4F3
(
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
; z2
)
and the problem boils down to Y = 12
∫ 1
0
sin−1(z)f(z)√
1−z2 dz, which we break into 4 parts. For first 3
parts, by z → 2v1+v2 one have
1
2
∫ 1
0
sin−1(z) logk(z)
z
√
1− z2 dz =
∫ 1
0
tan−1(v) logk
(
2v
v2+1
)
v
dv
Since in our case 0 ≤ k ≤ 2, RHS are QLIs with weight ≤ 4 i.e. solved in [4]. For the last part i.e.∫ 1
0
sin−1(z)
z
√
1− z2 z4F3
(
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
; z2
)
dz
Due to brute force∫
sin−1(z)
z
√
1− z2 dz = iLi2
(
−ei sin−1(z)
)
−iLi2
(
ei sin
−1(z)
)
+sin−1(z)
(
log
(
1− ei sin−1(z)
)
− log
(
1 + ei sin
−1(z)
))
And hypergeometric closed form
d
dz
(
z 4F3
(
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
; z2
))
= 3F2
(
1
2
,
1
2
,
1
2
;
3
2
,
3
2
; z2
)
=
log(2z) sin−1(z)
z
+
Li2
(
e2i sin
−1(z)
)
− Li2
(
e−2i sin
−1(z)
)
4iz
We may apply partial integration, transforming the last part into∫ 1
0
(
iLi2
(
−ei sin−1(z)
)
− iLi2
(
ei sin
−1(z)
)
+ sin−1(z)
(
log
(
1− ei sin−1(z)
)
− log
(
1 + ei sin
−1(z)
)))
 log(2z) sin−1(z)
z
+
Li2
(
e2i sin
−1(z)
)
− Li2
(
e−2i sin
−1(z)
)
4iz
 dz
modulo polylog constants. To evaluate the final integral, let z → sin(u), u → log(v)i to arrive at∫ i
1
h(z)dz with path of integration ei[0,
pi
2 ]. Deform contour to 1 → 0 → i, parametrize, it equals∫ 1
0
ih(iz) − h(z)dz. The resulting integral, after simplifications, is again a 4-admissible PLI thus
evaluable via level 4 MZVs. Combining all results above finishes evaluation of Y . 
7
5 FL hypergeometric
5.1 FL expansion and MZV integral representation
Proposition 4. For k ∈ N, k > 1, the following series are in C:
k+1Fk
(
{1}k, 5
4
; {2}k−1, 3
2
; 1
)
, k+1Fk
(
{1}k, 7
4
; {2}k−1, 5
2
; 1
)
Proof. This is a generalization of [4], subsection 8.4.10. Consider evaluation of
I(n) =
∫ 1
0
Lin(x)
4
√
x(1− x) dx, J(n) =
∫ 1
0
Lin(x)
(x(1− x))3/4 dx
by FL expansion. According to the result cited in subsection 4.1 above (and a simple integration),
assume f(x) =
∑∞
n=0 cnPn(2x− 1), we have:∫ x
0
f(t)
t
dt ∼
∞∑
n=0
(−1)n
(
1
n
∞∑
k=n
(−1)kck + 1
n+ 1
∞∑
k=n+1
(−1)kck
)
Pn(2x− 1)
The ∼ is = after excluding finite initial terms. Now, by [3], the coefficients cn in FL expan-
sion of Li3(x), modulo trivial rational terms and constant factors, is
(−1)n
n
∑
k>n
(−1)k
k2 . Let
f(x) = Li3(x), apply formula above, after reindexing and simplification, the nontrivial part of Li4(x)
coefficients is dn =
(−1)n
n
∑
k>n
1
k
∑
j>k
(−1)j
j2 . Now, substitute
∑
j>k
(−1)j
j2 =
∫ 1
0
(−t)k
1+t log(t)dt and
use
∫ log(t)
t+1 dt = Li2(−t)+ log(t) log(t+1)+ pi
2
12 for partial integration (eliminating the factor
1
k ), we
arrive at dn = − 1n
∫ 1
0
tn
t+1
(
Li2(−t) + log(t) log(t+ 1) + pi212
)
dt. The original FL expansion Li4(x)
is composed of 2 shifted dn with different parity (the other with coefficient
1
n+1 ). Add up two dn
(note that 1n +
1
n+1 =
2n+1
n(n+1) ), apply Parseval to transform I(4), essentially, to
∑∞
n=0
d2n(2nn )
4n(4n+1) ,
which boils down to
∞∑
n=1
(
2n
n
)
2n4n
∫ 1
0
t2n
t+ 1
(
Li2(−t) + log(t) log(t+ 1) + pi
2
12
)
dt
∞∑
n=0
(
2n
n
)
4n(2n+ 1)
∫ 1
0
t2n
t+ 1
(
Li2(−t) + log(t) log(t+ 1) + pi
2
12
)
dt
after partial fractions. Now, make use of
∞∑
n=1
(
2n
n
)
x2n
4n(2n)
= log
(
2√
1− x2 + 1
)
,
∞∑
n=0
(
2n
n
)
x2n
4n(2n+ 1)
=
sin−1(x)
x
8
as well as t → sin(u), u → 2 tan−1(v) to transform I(4) into 4-admissible NQPLIs (verify) hence
obtain the closed form. J(4), equivalent to
∑∞
n=0
d2n(2nn )
4n modulo constants, is evaluated in exactly
the same way.
As one may notice, this method naturally generalizes to weight 5, since coefficients of Li5(x) is
essentially
en =
(−1)n
n
∑
k>n
1
k
∑
j>k
1
j
∑
l>j
(−1)l
l2
Use the same integral representation for deepest sum, apply partial integration twice to eliminate
1
j ,
1
k (this can be done since primitive of
Li2(−t)+log(t) log(t+1)+pi212
t+1 is also expressible by polylogs),
with the rest same as before. Thus I(5), J(5) are computed. Since the increase of weight only add
intermediate terms like 1j ,
1
k to FL coefficients of Lin(x). We may apply partial integration n − 3
times to eliminate them. Though no closed-form expression is available for the part lifted up n− 3
times, it admits a iterated integral representation, i.e.
fn(x1) = (−1)n−1
∫ 1
x1
1
1 + x2
dx2 · · ·
∫ 1
xn−2
1
1 + xn−3
dxn−3
∫ 1
xn−3
log(t)
1 + t
dt
= (−1)n
∫ 1
x1
1
1 + x2
dx2 · · ·
∫ 1
xn−2
1
1 + xn−3
dxn−3
∫ 1
xn−3
1
1 + t
dt
∫ 1
t
1
u
du
Sum w.r.t n then substitute xk → 2Xk1+X2k (1 ≤ k ≤ n− 3), t→
2T
1+T 2 , u→ 2U1+U2 in
∞∑
n=1
(
2n
n
)
2n4n
∫ 1
0
x1
2n
x1 + 1
fn(x1) dx1,
∞∑
n=1
(
2n
n
)
4n(2n+ 1)
∫ 1
0
x1
2n
x1 + 1
fn(x1) dx1
One have the resulting integral decomposes to level 4 MZVs with weight W ≤ n through partial
fractions, I-E principle and MZV integral representation, so that I(n), J(n) ∈ C. On the other
hand, by expanding numerators and calculating Beta derivatives, I(k − 1), J(k − 1) are equivalent
to 2 classes of hypergeometric sums in proposition, which completes the proof. 
Here are results for n = 4, 5 (we have already substituted irreducible =(QMZ(4, {4, 1}, {1, 0}))
and =(QMZ(4, {4, 1}, {1, 0})) by 2 hypergeometric sums, due to equation LS1 and QB2 above):
FL1: 6F5
(
1, 1, 1, 1, 1,
5
4
; 2, 2, 2, 2,
3
2
; 1
)
9
=
5pi2C
3
− 4C log2(2)− 4piC log(2) + 32=(Li4(1 + i))− 22Li4
(
1
2
)
− 7piζ(3)− 14ζ(3) log(2)
+
277pi4
960
− log4(2)− 1
2
pi log3(2) +
9
8
pi2 log2(2)− 3
8
pi3 log(2)− ψ
(3)
(
1
4
)
96
+
ψ(3)
(
3
4
)
96
FL2: 6F5
(
1, 1, 1, 1, 1,
7
4
; 2, 2, 2, 2,
5
2
; 1
)
= −5pi
2C
3
− 8piC + 4C log2(2)− 4piC log(2) + 16C log(2)− 32=(Li3(1 + i))− 32=(Li4(1 + i))− 22Li4
(
1
2
)
+
21ζ(3)
2
+7piζ(3)−14ζ(3) log(2)+ 277pi
4
960
+
3pi3
4
+
5pi2
3
+8pi−32−log4(2)− 2 log
3(2)
3
+
1
2
pi log3(2)+
9
8
pi2 log2(2)
+3pi log2(2)− 4 log2(2) + 3
8
pi3 log(2) +
5
6
pi2 log(2) + 4pi log(2)− 16 log(2) + ψ
(3)
(
1
4
)
96
− ψ
(3)
(
3
4
)
96
FL3: 7F6
(
1, 1, 1, 1, 1, 1,
5
4
;
3
2
, 2, 2, 2, 2, 2; 1
)
= −64<(QMZ(4, {3, 1, 1}, {0, 0, 1}))
+
15pi
2432
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
+
1536
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
−64C=(Li3(1 + i))− 21Cζ(3) + 3pi
3C
2
+ 8piC2 +
4
3
C log3(2) + 6piC log2(2) + 16C2 log(2)− 5
3
pi2C log(2)
−4672
19
=(Li5(1 + i))− 2Li5
(
1
2
)
+ 20Li4
(
1
2
)
log(2)− 37pi
2ζ(3)
16
− 457ζ(5)
64
+ 7ζ(3) log2(2)
+
89
38
piζ(3) log(2) +
12041pi5
36480
+
13 log5(2)
15
+
79
152
pi log4(2)− 67
72
pi2 log3(2) +
161
304
pi3 log2(2)− 97
960
pi4 log(2)
+
1
96
piψ(3)
(
1
4
)
− 1
96
piψ(3)
(
3
4
)
+
1
24
log(2)ψ(3)
(
1
4
)
− 1
24
log(2)ψ(3)
(
3
4
)
FL4: 7F6
(
1, 1, 1, 1, 1, 1,
7
4
;
5
2
, 2, 2, 2, 2, 2; 1
)
= −64<(QMZ(4, {3, 1, 1}, {0, 0, 1}))
−1536
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
− 15pi
2432
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
−64C=(Li3(1 + i)) + 21Cζ(3) + 3pi
3C
2
+
10pi2C
3
− 8piC2 + 16piC − 4
3
C log3(2) + 6piC log2(2)− 8C log2(2)
+16C2 log(2)+
5
3
pi2C log(2)+8piC log(2)−32C log(2)+64=(Li3(1+i))+64=(Li4(1+i))+ 4672
19
=(Li5(1+i))
+44Li4
(
1
2
)
− 2Li5
(
1
2
)
+ 20Li4
(
1
2
)
log(2)− 37pi
2ζ(3)
16
− 14piζ(3)− 21ζ(3)− 457ζ(5)
64
+ 7ζ(3) log2(2)
−89
38
piζ(3) log(2) + 28ζ(3) log(2)− 3pi
3
2
− 10pi
2
3
− 277pi
4
480
− 12041pi
5
36480
− 16pi+ 64 + 13 log
5(2)
15
− 79
152
pi log4(2)
10
+2 log4(2)− 67
72
pi2 log3(2) +
4 log3(2)
3
− pi log3(2)− 161
304
pi3 log2(2)− 9
4
pi2 log2(2)− 6pi log2(2)
+8 log2(2)− 97
960
pi4 log(2)− 3
4
pi3 log(2)− 5
3
pi2 log(2)− 8pi log(2) + 32 log(2)− ψ
(3)
(
1
4
)
48
+
1
96
piψ(3)
(
1
4
)
+
ψ(3)
(
3
4
)
48
− 1
96
piψ(3)
(
3
4
)
− 1
24
log(2)ψ(3)
(
1
4
)
+
1
24
log(2)ψ(3)
(
3
4
)
Note that the last 2 formulas offer hypergeometric representation for the third irreducible MZV
<(QMZ(4, {3, 1, 1}, {0, 0, 1})), which we will elaborate below. Also one may notice FL1, FL3 are
homogeneous relations, while FL2, FL4 are not.
5.2 Related integrals
In fact, by using expansion, limiting argument and Beta derivatives (see [4], subsection 8.4.10,
formula (5)(5’)), K(n) =
∫ 1
0
Lin(
√
x)
4
√
x(1−x) dx, L(n) =
∫ 1
0
Lin(
√
x)
(x(1−x))3/4 dx can be evaluated in nonhomoge-
neous closed-forms either. 2 examples (with the first homogeneous but the second not):
FLI1:
∫ 1
0
Li5 (
√
x)
(x(1− x))3/4 dx =
Γ
(
1
4
)2
2
√
pi
(−2<(QMZ(4, {3, 1, 1}, {0, 0, 1}))
+
15pi
77824
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
+
48
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
−2C=(Li3(1 + i))− 21Cζ(3)
32
+
pi3C
64
+
3piC2
4
+
1
24
C log3(2) +
5
16
piC log2(2) +
1
2
C2 log(2)
−17
96
pi2C log(2)− 146
19
=(Li5(1 + i))− Li5
(
1
2
)
16
+
5
8
Li4
(
1
2
)
log(2)− 149pi
2ζ(3)
512
− 457ζ(5)
2048
+
7
32
ζ(3) log2(2) +
621piζ(3) log(2)
1216
+
27431pi5
1167360
+
13 log5(2)
480
+
275pi log4(2)
14592
− 79pi
2 log3(2)
2304
+
123pi3 log2(2)
9728
− 179pi
4 log(2)
10240
+
piψ(3)
(
1
4
)
3072
− 3piψ
(3)
(
3
4
)
1024
+
1
768
log(2)ψ(3)
(
1
4
)
− 1
768
log(2)ψ(3)
(
3
4
))
11
FLI2:
∫ 1
0
Li5 (
√
x)
4
√
x(1− x) dx = pi
√
2 +
Γ
(
3
4
)2
√
pi
(−2<(QMZ(4, {3, 1, 1}, {0, 0, 1}))
−48
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
− 15pi
77824
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
−2C=(Li3(1 + i)) + 21Cζ(3)
32
+
pi3C
64
+
17pi2C
48
− 3piC
2
4
+
3piC
2
− 1
24
C log3(2) +
5
16
piC log2(2)
−1
4
C log2(2) +
1
2
C2 log(2) +
17
96
pi2C log(2) +
3
4
piC log(2)− C log(2) + 2=(Li3(1 + i)) + 2=(Li4(1 + i))
+
146
19
=(Li5(1 + i)) + 11Li4
(
1
2
)
8
− Li5
(
1
2
)
16
+
5
8
Li4
(
1
2
)
log(2)− 149pi
2ζ(3)
512
− 21piζ(3)
16
− 21ζ(3)
32
−457ζ(5)
2048
+
7
32
ζ(3) log2(2) +
7
8
ζ(3) log(2)− 621piζ(3) log(2)
1216
− 3pi
2
− 17pi
2
48
− pi
3
64
− 239pi
4
5120
− 27431pi
5
1167360
+2 +
13 log5(2)
480
+
log4(2)
16
− 275pi log
4(2)
14592
+
log3(2)
24
− 79pi
2 log3(2)
2304
− 5
96
pi log3(2)− 13
128
pi2 log2(2)
+
log2(2)
4
− 123pi
3 log2(2)
9728
− 5
16
pi log2(2)− 1
128
pi3 log(2)− 17
96
pi2 log(2)− 179pi
4 log(2)
10240
− 3
4
pi log(2)
+ log(2) +
3piψ(3)
(
1
4
)
1024
+
ψ(3)
(
3
4
)
1536
− ψ
(3)
(
1
4
)
1536
− piψ
(3)
(
3
4
)
3072
− 1
768
log(2)ψ(3)
(
1
4
)
+
1
768
log(2)ψ(3)
(
3
4
))
Moreover, since FL expansion for elliptic K,E and square roots are clear [3], by Parseval and
QNS-MZV reduction, one may prove that for all n, a, b ∈ N, the following nonhomogeneous integrals∫ 1
0
Lin(x)K(x)dx,
∫ 1
0
Lin(x)E(x)dx,
∫ 1
0
Lin(x)x
a− 12 (1− x)b− 12 dx
lie in algebra C. This is a generalization of [4], subsection 8.4.10, formula (3).
6 Hypergeometric-MZV relations
6.1 Level 2 examples
We focus on level 2 MZVs with high weight. According to the proof of S1(−1, k) ∈ B in Prop. 2,
by Prop. 1(9), contour integration and iterated integrals, we transform hypergeometric sums into
LSIs, then LIs, then level 2 MZVs. 2 examples:
A = 8F7
(
1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2; 1
)
= −4MZ({5, 1, 1}, {−1, 1, 1})− 4 log(2)MZ({5, 1}, {−1, 1})
12
−32Li7
(
1
2
)
+
5pi4ζ(3)
72
+
13pi2ζ(5)
6
+
137ζ(7)
64
+ pi2ζ(3) log2(2) +
31
8
ζ(5) log2(2)
−2ζ(3)2 log(2) + 2 log
7(2)
315
+
2
45
pi2 log5(2)− 19
540
pi4 log3(2)− 451pi
6 log(2)
15120
B = 9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2; 1
)
= −4
9
pi2MZ({5, 1}, {−1, 1})− 26
3
MZ({7, 1}, {−1, 1})
−8
3
MZ({5, 1, 1, 1}, {−1, 1,−1, 1})− 32
3
Li5
(
1
2
)
ζ(3)− 2
27
pi4Li4
(
1
2
)
+ 64Li8
(
1
2
)
+
pi2ζ(3)2
3
+
251ζ(3)ζ(5)
16
+
4
45
ζ(3) log5(2) +
14
27
pi2ζ(3) log3(2) +
31
36
ζ(5) log3(2)− 53
540
pi4ζ(3) log(2)
+
247
72
pi2ζ(5) log(2) +
1651
96
ζ(7) log(2)− 76357pi
8
10886400
+
log8(2)
630
+
2
135
pi2 log6(2)− 67pi
4 log4(2)
3240
− 853pi
6 log2(2)
45360
Alternatively, by Prop. 1(10), the hypergeometric sums are directly transformed into LIs then
level 2 MZVs. 2 examples:
C = 8F7
(
1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2;−1
8
)
= −16MZ({5, 1, 1}, {−1, 1, 1})+8 log(2)MZ({5, 1}, {−1, 1})
+88Li7
(
1
2
)
+ 24Li6
(
1
2
)
log(2) +
8pi4ζ(3)
45
+
8pi2ζ(5)
3
− 535ζ(7)
4
+
1
3
ζ(3) log4(2)
−19ζ(5) log2(2)− 4ζ(3)2 log(2) + 19 log
7(2)
1260
− 1
45
pi2 log5(2) +
7
270
pi4 log3(2) +
1
14
pi6 log(2)
D = 9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2;−1
8
)
=
20
9
pi2MZ({5, 1}, {−1, 1})− 32
3
MZ({7, 1}, {−1, 1})
+
40
3
MZ({5, 1, 1, 1}, {−1, 1,−1, 1})− 24 log2(2)MZ({5, 1}, {−1, 1})− 24 log(2)MZ({5, 1, 1}, {−1, 1, 1})
+
160
3
Li5
(
1
2
)
ζ(3) +
10
27
pi4Li4
(
1
2
)
+ 112Li8
(
1
2
)
+ 24Li7
(
1
2
)
log(2) +
5pi2ζ(3)2
6
− 1351ζ(3)ζ(5)
16
−23
45
ζ(3) log5(2)+
20
27
pi2ζ(3) log3(2)+
269
18
ζ(5) log3(2)−8ζ(3)2 log2(2)+ 136
135
pi4ζ(3) log(2)+
133
72
pi2ζ(5) log(2)
+
415
6
ζ(7) log(2)− 4499pi
8
340200
− 19 log
8(2)
10080
+
1
270
pi2 log6(2) +
29pi4 log4(2)
3240
− 103pi
6 log2(2)
1134
13
Recall the weight 6 case i.e. [4], subsection 8.4.9, formula (10). This formula, together with
B,C,D above, forms a equation system from which 4 level 2 MZVs are given hypergeometric forms.
More specifically, one have:
A1 = MZ({5, 1}, {−1, 1}) = −1
8
7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
+ 8Li6
(
1
2
)
+ 3Li5
(
1
2
)
log(2)
+
ζ(3)2
2
− 1
6
ζ(3) log3(2) +
19
4
ζ(5) log(2)− pi
6
112
− 19 log
6(2)
1440
+
1
72
pi2 log4(2)− 7
720
pi4 log2(2),
B1 = MZ({5, 1, 1}, {−1, 1, 1}) = − 1
16
8F7
(
1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2;−1
8
)
− 1
16
log(2) 7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
+
11Li7
(
1
2
)
2
+
3
2
Li5
(
1
2
)
log2(2) +
11
2
Li6
(
1
2
)
log(2)
+
pi4ζ(3)
90
+
pi2ζ(5)
6
− 535ζ(7)
64
− 1
16
ζ(3) log4(2) +
19
16
ζ(5) log2(2)− 19 log
7(2)
3360
+
1
180
pi2 log5(2)− 7pi
4 log3(2)
2160
,
C1 = MZ({7, 1}, {−1, 1}) = − 5
54
9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2; 1
)
− 1
54
9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2;−1
8
)
+
1
12
log2(2) 7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
+
1
36
log(2) 8F7
(
1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2;−1
8
)
+ 8Li8
(
1
2
)
− 2Li5
(
1
2
)
log3(2)
−6Li6
(
1
2
)
log2(2)− 2Li7
(
1
2
)
log(2) +
5pi2ζ(3)2
108
− ζ(3)ζ(5)
9
+
163ζ(3) log5(2)
1620
+
5
81
pi2ζ(3) log3(2)− 493
216
ζ(5) log3(2)− 10
27
ζ(3)2 log2(2) +
1
216
pi4ζ(3) log(2) +
5
18
pi2ζ(5) log(2)
+
1265
192
ζ(7) log(2)− 58417pi
8
65318400
+
4621 log8(2)
544320
− 7
972
pi2 log6(2) +
13pi4 log4(2)
3240
+
89pi6 log2(2)
163296
D1 = MZ({5, 1, 1, 1}, {−1, 1,−1, 1}) = 1
48
pi2 7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
− 2
27
9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2; 1
)
+
13
216
9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2;−1
8
)
−13
48
log2(2) 7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
− 13
144
log(2) 8F7
(
1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2;−1
8
)
−4Li5
(
1
2
)
ζ(3)− 1
36
pi4Li4
(
1
2
)
− 4
3
pi2Li6
(
1
2
)
− 2Li8
(
1
2
)
+
13
2
Li5
(
1
2
)
log3(2) +
39
2
Li6
(
1
2
)
log2(2)
14
−1
2
pi2Li5
(
1
2
)
log(2) +
13
2
Li7
(
1
2
)
log(2)− 47pi
2ζ(3)2
432
+
7193ζ(3)ζ(5)
1152
− 1903ζ(3) log
5(2)
6480
+
7
324
pi2ζ(3) log3(2) +
209
27
ζ(5) log3(2) +
65
54
ζ(3)2 log2(2)− 7
135
pi4ζ(3) log(2)− 235
576
pi2ζ(5) log(2)
−2873
192
ζ(7) log(2) +
28813pi8
16329600
− 58777 log
8(2)
2177280
+
2423pi2 log6(2)
77760
− 599pi
4 log4(2)
25920
− 5881pi
6 log2(2)
816480
,
One may derive higher weight hypergeometric-MZV relations. However, some of irreducible MZVs
(e.g. MZ({6, 2}),MZ({5, 1, 1})) still have no known hypergeometric representations.
Note that by substituting MZV → pFq, plenty of integrals and sums above/below obtain nu-
meric approximation with higher precision.
6.2 Level 4 examples
Similarly, using formula LS1, QB2, FL3 above one obtain hypergeometric representations of 3 irre-
ducible weight 5 level 4 MZVs. The results are:
A = =(QMZ(4, {4, 1}, {1, 0})) = −4
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
− 4=
(
Li5
(
1
2
+
i
2
))
+
1
4
piζ(3) log(2)− 1
512
ζ
(
4,
1
4
)
log(2) +
1
512
ζ
(
4,
3
4
)
log(2) +
2093pi5
92160
+
1
128
pi log4(2) +
23
768
pi3 log2(2)
B = =(QMZ(4, {4, 1}, {1, 2})) = −60
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
+
3pi
9728
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
+
36
19
=
(
Li5
(
1
2
+
i
2
))
+
33
152
piζ(3) log(2)
− 1
512
ζ
(
4,
1
4
)
log(2) +
1
512
ζ
(
4,
3
4
)
log(2) +
1193pi5
116736
+
39pi log4(2)
2432
+
43pi3 log2(2)
4864
C = <(QMZ(4, {3, 1, 1}, {0, 0, 1})) = − 1
64
7F6
(
1, 1, 1, 1, 1, 1,
5
4
;
3
2
, 2, 2, 2, 2, 2; 1
)
+
15pi
155648
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
+
24
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
−C=(Li3(1 + i))− 21Cζ(3)
64
+
3pi3C
128
+
piC2
8
+
1
48
C log3(2) +
3
32
piC log2(2) +
1
4
C2 log(2)
− 5
192
pi2C log(2)− 73
19
=(Li5(1 + i))− Li5
(
1
2
)
32
+
5
16
Li4
(
1
2
)
log(2)− 37pi
2ζ(3)
1024
− 457ζ(5)
4096
15
+
7
64
ζ(3) log2(2) +
89piζ(3) log(2)
2432
+
12041pi5
2334720
+
13 log5(2)
960
+
79pi log4(2)
9728
− 67pi
2 log3(2)
4608
+
161pi3 log2(2)
19456
− 97pi
4 log(2)
61440
+
piψ(3)
(
1
4
)
6144
− piψ
(3)
(
3
4
)
6144
+
log(2)ψ(3)
(
1
4
)
1536
− log(2)ψ
(3)
(
3
4
)
1536
Note that ζ(4, 1/34 ), ψ
(3)( 1/34 ), β(4) and =(Li5(1 + i)),=
(
Li5
(
1+i
2
))
can be converted to each other,
and that QB2 (resp. FL3) can be replaced by QB1/QB3 (resp. FL4) for equivalent hypergeometric
representations. The one featuring =(Li5(1 + i)) is elementary (compared to the nontrivial one in
subsection 7.2 below) but crucial so we record it below:
=(Li5(1 + i)) = −=
(
Li5
(
1
2
+
i
2
))
+
119pi5
24576
+
1
512
pi log4(2) +
7pi3 log2(2)
1024
7 Miscellaneous
7.1 More hypergeometric sums
One may use Prop. 1(1)∼(6) to obtain more closed-forms of hypergeometric sums. Indeed, set
a = 1, and n 6= −1 an integer ensuring convergence in Prop 1. (2)(3)(4). We have 2 ways to deal
with these integrals:
1. Let t → sin(u), u → 2 tan−1(v) to reduce them to NQLIs, then apply partial fractions and
partial integration repeatedly ([4], subseciton 8.1.2).
2. Generalize method of contour integration ([4], subsection 5.1.1) to appropriate nonhomoge-
neous integral kernels, reducing them to combination of NQLIs.
The rest are trivial computations. An example:
6F5
(
1
2
,
1
2
,
1
2
, 1, 1, 1;
3
2
,
3
2
,
3
2
,
3
2
, 2; 1
)
= 4C − 8β(4)− 8=
(
Li3
(
1
2
+
i
2
))
+16=
(
Li4
(
1
2
+
i
2
))
+
pi3
16
− pi
2
4
+
1
12
pi log3(2) +
1
4
pi log2(2) +
1
16
pi3 log(2)
Moreover, evidently Prop 1. (5)(6) offers closed-form evaluations of hypergeometric sums via
NLI/NQLIs. For instance:
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7F6
(
1
2
, 1,
5
4
,
5
4
,
5
4
,
5
4
,
5
4
;
3
2
,
9
4
,
9
4
,
9
4
,
9
4
,
9
4
; 1
)
= −3125C
81
− 96875ζ(5)
96
− 21875ζ(3)
216
+
756250
243
−3125pi
2
648
− 3125pi
4
864
− 3125pi
3
864
− 3125pi
972
− 15625pi
5
4608
− 3125
486
log(2) +
3125ψ(3)
(
3
4
)
13824
− 3125ψ
(3)
(
1
4
)
13824
Lastly, by computing Beta derivatives, Prop. 1(1) may produce closed-forms for pFq with non
half-integer parameters, such as
6F5
(
1
4
,
1
4
,
1
4
,
1
4
,
1
4
,
3
4
;
5
4
,
5
4
,
5
4
,
5
4
,
5
4
; 1
)
=
Γ
(
1
4
)2
393216
√
pi
(
3072C2 + 576pi2C + 768C log2(2) + 768piC log(2)
+1344piζ(3) + 2688ζ(3) log(2) + 73pi4 + 16 log4(2) + 32pi log3(2) + 72pi2 log2(2) + 184pi3 log(2) + 16ψ(3)
(
1
4
))
7.2 Polylog special value
A pair of special value given by solving level 4 MZV system, generalizing [4], subsection 5.3:
<Li5(1 + i) = 5
32
Li5
(
1
2
)
+
2139ζ(5)
4096
− 1
768
ln5 2 +
1
288
pi2 ln3 2 +
97pi4 ln 2
18432
<
(
Li5
(
1 + i
2
))
=
5Li5
(
1
2
)
32
+
2139ζ(5)
4096
− 1
960
log5(2) +
5pi2 log3(2)
4608
− 343pi
4 log(2)
184320
They are of great importance while simplifying weight 5 QLI/QPLIs above/below/elsewhere. Also
note that one may obtain a nested series representation for the latter sum, by using binomial ex-
pansion on
(
1+i
2
)n
after expanding Li5.
7.3 Borwein sum
A sum of Borwein, generalizing [4], subsection 8.5.1:
∞∑
n=1
1
n52n
(
3n
n
) = 1
6
7F6
(
1, 1, 1, 1, 1, 1,
3
2
;
4
3
,
5
3
, 2, 2, 2, 2;
2
27
)
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= 3piβ(4) + 4pi=
(
Li4
(
1
2
+
i
2
))
− 51Li5
(
1
2
)
2
− 15Li4
(
1
2
)
log(2) +
pi2ζ(3)
4
+
9ζ(5)
2
− 3ζ(3) log2(2)− 97 log
5(2)
240
+
41
144
pi2 log3(2)− 61
960
pi4 log(2)
Similar to weight 4 case, one may use Beta integral, repeated partial integration and appropriate
reflections x → 1 − x to reduce it to weight 5 QPLIs, solving the second conjecture of binomial
sums given by [2]. In fact, by iterated integral representation of MZVs (see for instance subsection
5.1), it can be shown that for all k ∈ N, ∑∞n=1 1nk2n(3nn ) ∈ C.
7.4 Symmetric PLI
The general formula of [4], subsection 8.4.1 offers a relation between
∫√2−1
0
Li3(x)Li4( 1−xx+1 )
x dx and∫ 1
0
Li3(x)Li4( 1−xx+1 )
x dx modulo Li4
(√
2− 1) 2. The latter PLI is expressible via 7 irreducible MZVs
and polylog constants, in which 4 of them enjoy hypergeometric representation (A1 ∼ D1 above).
Plugging in those results yields a special integral:
∫ √2−1
0
Li3(x)Li4
(
1−x
x+1
)
x
dx
= −1479
512
MZ({6, 2}) + MZ({5, 1, 1, 1}, {−1,−1,−1,−1}) + 1
2
log(2)MZ({5, 1, 1}, {1,−1, 1})
− 1
96
pi2 7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
− 67
96
9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2; 1
)
−11
96
9F8
(
1, 1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2, 2;−1
8
)
+
37
64
log2(2) 7F6
(
1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2;−1
8
)
+
15
64
log(2) 8F7
(
1, 1, 1, 1, 1, 1, 1, 1;
3
2
, 2, 2, 2, 2, 2, 2;−1
8
)
− Li4
(
1
2
)
ζ(3) log(2)− Li4
(
1
2
)
2
+
1
2
Li4
(√
2− 1
)
2 +
7
720
pi4Li4
(
1
2
)
+
2
3
pi2Li6
(
1
2
)
+
115Li8
(
1
2
)
2
− 1
12
Li4
(
1
2
)
log4(2)
−111
8
Li5
(
1
2
)
log3(2) +
1
12
pi2Li4
(
1
2
)
log2(2)− 341
8
Li6
(
1
2
)
log2(2) +
1
4
pi2Li5
(
1
2
)
log(2)
−143
8
Li7
(
1
2
)
log(2) +
31pi2ζ(3)2
64
− 401ζ(3)ζ(5)
64
+
1853ζ(3) log5(2)
2880
+
71
144
pi2ζ(3) log3(2)
−6437
384
ζ(5) log3(2)− 367
96
ζ(3)2 log2(2) +
329pi4ζ(3) log(2)
3840
+
837
256
pi2ζ(5) log(2) +
34577ζ(7) log(2)
1024
−151969pi
8
23224320
+
10963 log8(2)
193536
− 793pi
2 log6(2)
17280
+
37pi4 log4(2)
1440
+
5459pi6 log2(2)
1451520
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7.5 Weight 5 NQLI
Due to [4], subsection 8.1.2, by repeated partial integration one may evaluate the following NQLI,
in which we’ve replaced all 3 irreducible level 4 MZVs with their hypergeometric representations in
subsection 6.2. Simplifications on ψ(3) → ζ, and that of imaginary polylog arguments 1 + i→ 1+i2 ,
as well as subsection 7.2 results, are also involved:
∫ 1
0
log(1−x) log(x) log(x+1) log (x2 + 1) tan−1(x) dx = 3 log5(2)
80
+
13 log4(2)
32
−701pi log
4(2)
7296
− 11
576
pi2 log3(2)− log
3(2)
2
−19
96
pi log3(2)+
1
2
C log3(2)− 301
912
pi3 log2(2)− 25
48
pi2 log2(2)+
63
128
ζ(3) log2(2)+
9 log2(2)
2
+
9
8
pi log2(2)− 1
16
Cpi log2(2)
−C log2(2) + 223
384
pi3 log(2) + 2C2 log(2) +
13
24
pi2 log(2)− 31
48
Cpi2 log(2)− pi=
(
Li3
(
1
2
+
i
2
))
log(2)
+5=
(
Li3
(
1
2
+
i
2
))
log(2) + 6=
(
Li4
(
1
2
+
i
2
))
log(2) +
5
8
Li4
(
1
2
)
log(2) +
429
64
ζ(3) log(2) +
1981piζ(3) log(2)
1216
+
7
128
ζ
(
4,
1
4
)
log(2)− 7
128
ζ
(
4,
3
4
)
log(2)− 257pi
4 log(2)
11520
− 15
2
pi log(2) +
3
2
Cpi log(2) + 6C log(2)− 24 log(2)− 2C2
+
7Cpi2
12
− 1
4
7F6
(
1, 1, 1, 1, 1, 1,
5
4
;
3
2
, 2, 2, 2, 2, 2; 1
)
+
13
24
pi2=
(
Li3
(
1
2
+
i
2
))
+
3
2
pi=
(
Li3
(
1
2
+
i
2
))
+2C=
(
Li3
(
1
2
+
i
2
))
+28=
(
Li3
(
1
2
+
i
2
))
−pi=
(
Li4
(
1
2
+
i
2
))
+40=
(
Li4
(
1
2
+
i
2
))
+
1468
19
=
(
Li5
(
1
2
+
i
2
))
−3
4
piLi4
(
1
2
)
+9Li4
(
1
2
)
−7Li5
(
1
2
)
8
+
492
19
√
2 6F5
(
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
3
2
,
3
2
,
3
2
,
3
2
,
3
2
;
1
2
)
−289pi
2ζ(3)
384
+
11ζ(3)
8
−385piζ(3)
128
−53Cζ(3)
8
− 7ζ
(
4, 1
4
)
64
+
1
32
piζ
(
4,
1
4
)
+
7ζ
(
4, 3
4
)
64
− 1
32
piζ
(
4,
3
4
)
− 9pi
2
8
− 91pi
3
96
− 23Cpi
3
192
− 9505ζ(5)
1024
− 2729pi
4
23040
− 41pi
77824
7F6
(
1, 1, 1, 1, 1,
3
2
,
3
2
; 2, 2, 2, 2, 2, 2; 1
)
− 32765pi
5
116736
+
11C2pi
4
− 2Cpi + 12pi + 12C
8 Binomial MZVs
Define binomial MZVs as
BMZ(m, k, k1 · · · , ks) =
∑
n>0
((
2n
n
)
4n
)m
1
nk
∑
n>n1>···>ns>0
1
nk11 · · ·nkss
They are named after their ES counterparts in [4]. Case m = ±1, 2 will be discussed below.
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8.1 BMZV, IBMZV, QBMZV
We prove a statement generalizing Prop. 2.
Proposition 5. For all (k, k1, · · · , ks) ∈ Ns+1 ensuring convergence, we have that
BMZ(1, k, k1 · · · , ks) ∈ B,BMZ(−1, k, k1 · · · , ks), piBMZ(2, k, k1 · · · , ks) ∈ C.
Proof. Similar to the proof of Prop. 4, substitute c
∫ 1
0
1−xns−1−1
1−x log
ks−1(x)dx (c a constant) for
the deepest sum w.r.t 1
nkss
. By repeated partial integration, lifting up xni-free part (in terms of
iterated integral) and bring down xni-involved part (to eliminate ki by 1 in expression
1
n
ki
i
), as well
as summation whenever ki becomes 0 (here i = s−1, · · · , 2, 1, 0), one obtain that for any 0 ≤ j ≤ k,
there exists N <∞, pi ≤ j + k1 + · · ·+ ks, ci ∈ R, ga,b(t) ∈ {t, 1− t} such that:
(∗) 1
nj
∑
n>n1>···>ns>0
1
nk11 · · ·nkss
=
∫ 1
0
xn1
N∑
r=1
cr
(∫
x1>···>xpr>0
dx2 · · · dxpr
g1,r(x1) · · · gpr,r(xpr )
)
dx1
Due to partial fractions, partitions using
∫ x
0
+
∫ 1
x
=
∫ 1
0
, and I-E principle.
For m = 1, take j = k − 1, multiply (∗) by (
2n
n )
4nn , sum w.r.t n using
∑∞
n=1
(2nn )x
n
4nn = log(4) −
2 log
(√
1− x+ 1), let xi → 1 − t2i for all i. Since log (√1− x1 + 1) → log(t1 + 1) become 4-
admissible and ga,b(xi), dxj remain non-alternating under these transforms, and that x→ 1− t2 is
monotone (keeping the order of xi → ti unchanged), the original sum can be decomposed into level
2 MZVs using their iterated integral representation. Thus BMZ(1, k, k1 · · · , ks) ∈ B.
For m = −1, take j = k − 2, multiply (∗) by 4n
(2nn )n2
, sum w.r.t n using
∑∞
n=1
4nxn
n2(2nn )
=
2 sin−1 (
√
x)
2
, let xi → sin2(ti), ti → 2 tan−1(ui) for all i. Argue as above, we conclude the sum is
level 4 MZV-expressible, thus BMZ(−1, k, k1 · · · , ks) ∈ C.
For m = 2, take j = k − 1, multiply (∗) by 1n
(
(2nn )
4n
)2
, sum w.r.t n using
∞∑
n=1
1
n
((
2n
n
)
4n
)2
xn =
1
4
x 4F3
(
1, 1,
3
2
,
3
2
; 2, 2, 2;x
)
Denote F (x1) =
∑N
r=1 cr
(∫
x1>···>xpr>0
dx2···dxpr
g1,r(x1)···gpr,r(xpr )
)
, then the original sum reduces to∫ 1
0
F (x1)x1 4F3
(
1, 1,
3
2
,
3
2
; 2, 2, 2;x1
)
dx1 then (∗∗)
∫ 1
0
(∫ x1
0
F (t)dt
)
K(x1)− pi2
x1
dx1
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modulo partial integration and constants (this is the origin of pi in piBMZV(2, · · · )). Now, denote
S the set of functions with nested-sum-form FL coefficients. Due to [3, 4], the set S is closed under
linear operations and following transformations:
R : f(x)→ f(1− x), D : f(x)→ f(x)
x
, I : f(x)→
∫ x
0
f(t)dt
Since F (x), the iterated integral, can be constructed by linear operation and three manipulations
above (for instance
∫ x
0
f(t)
1−tdt = I ◦R ◦D ◦R(f)) based on initial logks−1(x) ∈ S (proof of Prop. 2),
we conclude F (x) ∈ S, i.e. it have nested FL coefficients. Using operator I again, (∫ x
0
F (t)dt
) ∈ S.
Moreover, by proof of Prop. 2 again,
K(x)−pi2
x ∈ S. Hence, Parseval theorem readily transformed
(∗∗) into a QNS, which is convertible into level 4 MZVs. Thus BMZ(2, k, k1 · · · , ks) ∈ C. 
Note that based on previous computation (see for instance [4], subsection 8.3.3), it seems a
stronger statment holds that BMZ(−1, k, k1 · · · , ks) ∈ B, but the proof is still elusive. Note that
while proving its easier counterpart in [4] we’ve invoked LSI results, which are reduced to LIs then
level 2 MZVs in a nontrivial way (solving the contour integral system). This technique seems of no
use for iterated integrals here.
8.2 IQBMZV
Moreover, by observations on [4], subsection 8.3.4 and Prop. 3 above, one may conjecture that
BMZ(−2, k, k1 · · · , ks) ∈ C. Using methods above, modulo trivial computations it remains to prove
3F2
(
1, 1, 1; 32 ,
3
2 ;x
) ∈ S, but so far we cannot confirm or disprove it. Computation of first few terms
suggests there exist an · · · ∈ Q, such that∫ 1
0
Pn(2x− 1) 3F2
(
1, 1, 1;
3
2
,
3
2
;x
)
dx = an + bnpi + cnpiC + dnζ(3)
Which shows that the conjecture is likely to be true.
8.3 GMZV
Furthermore, one may observe following generalzation of [4], subsection 8.3.1:
GMZ(k, k1 · · · , ks) =
∑
n>0
1
2nnk
∑
n>n1>···>ns>0
1
nk11 · · ·nkss
∈ B
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The proof is direct if we argue like in Prop. 5. More precisely, take j = k − 1, multiply (∗) by
1
n2n , use that
∑∞
n=1
xn
n2n = − log(1− x2 ), let xi → 1− ti for all i. Since − log(1− x2 )→ − log( 1+t2 )
transformed the only abnormal part to 4-admissible, the integral (hence the original sum) can be
decomposed into level 2 MZVs through iterated integrals.
It’s apparent that all GESs (with weights arbitrarily large) are deducible from equal-k GMZV
results. This also holds for 3 kinds of binomial ES and MZVs discussed in [4] and section 8.1 above.
Acknowledgements. Special thanks to K. C. Au, Chen and J. D’Aurizio for valuable sugges-
tions, leading to improvements of this article.
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